Modelling motivation
By definition, the TBSP problem has two interconnected subproblems including the shipment path and the train blocking. The former identifies the path of shipments to minimize the total car transportation cost and respect the capacity of railway lines. The latter determines the train services, train frequencies and shipment-block sequences such that the classification capacity and sort tracks in yards as well as the intree rule are satisfied, while the total train accumulation delay and car reclassification delay are minimized. Under an integrated framework, there are intricate relationships between these two subproblems (Lin et al. 2012) . Specifically, every shipment must be transported from its origin to its destination on the physical railway network. Meanwhile, all shipments must be moved by the means of train services (blocks) with necessary accumulation and/or reclassification operations in the origin yard, intermediate yard(s) and destination yard. Importantly, the reclassification yard(s) of each shipment should be limited on its path, and the path of a train service must be completely consistent with that of the shipments transported on the train service.
We present an example with 6 yards and 6 links in Figure 1 to explain. For the shipment from 1 to 5, we list all its possible paths, block sequences and reclassification yards in Table 1 . Assume that this shipment chooses path 1 → 2 → 4 → 5 and block sequences 1 → 2, 2 → 5, respectively. Then, the reclassification yards of the shipment can only be 2 and 5. Meanwhile, the path decision of the train service from 2 to 5 should be 2 → 4 → 5. Figure 2 roughly shows the transportation process for the shipment from 1 to 5 on the network in Figure 1 . In nature, the TBSP problem could be viewed as a multi-commodity network design problem with a double-layer network structure. 
We introduce two directed networks and define two arc-based decision variables to route all shipments through the double-layer network. We also utilize well-designed constraints to reflect the above discussed interconnections between the shipment path and train blocking subproblems of the TBSP problem in our integrated model and sequential algorithm. For more details, please see §2.3 and §3.2. 
Parameters and variables
The problem is referred to two directed graphs. One is the physical railway network
where V denotes the set of all yards, and E ⊆ V × V the set of links between two adjacent yards.
Another is the service network G 2 = (V, B), where B = V × V is the set of all potential blocks (directed train services), i.e., one for any two yards. The latter is a complete graph which is much denser than the former.
We list the parameters of the TBSP problem in Table 2 . Table 3 lists all kinds of decision variables used in our integrated model. To be greatly different from classical service network design problems, a compulsive regulation arises in the TBSP problem is called the intree rule in this report. Such a rule states that all shipments with the same destination must be operated in an exact same way once they are reclassified at the same intermediate yard. We follow the scheme applied by Powell and Koskosidis (1992) to deal with the tree constraint in less-than-truckload transportation. Except four decisions required in the problem description, another binary variable (v d p,q ) is introduced to ensure the intree rule to be hold. The last one addresses the sort track constraints. 
remaining rate of capacity on link (i, j), ∀(i, j) ∈ E constant β i available ratio of capacity in yard i, ∀i ∈ V constant γ reclassification capacity of each sort track car constant
length of the shortest path from o to d, ∀o, d ∈ V km constant detour ratio threshold constant λ conversion factor for car-kilometers constant 
MIQP model
Using above parameters and decision variables, the integrated train blocking and shipment path problem is modelled as a mixed integer quadratic programming (MIQP) as follows.
s.t.
The objective function (1) is to minimize the total sum of car transportation cost, train accumulation delay and car reclassification delay at intermediate stops in shipping all demands over an underlying network. The first part is measured by car-kilometer whereas the last two are measured by car-hour. Thus, a conversion factor is introduced to balance off these two different units.
Flow conservation equations (2) guarantee that each shipment can reach its destination on the physical network. Inequalities (3) ensure the number of trains passing on a link does not exceed its capacity. Constraints (4) are presented to prevent each shipment from transporting through a too long detour path. Tight constraints (5) calculate the train frequency of each provided block.
Flow conservation equations (6) guarantee that every shipment can reach its destination on the service network. Inequalities (7) ensure that the amount of cars reclassified at each yard does not exceed the available capacity of the yard. Inequalities (8) assure that the usage of sort tracks at each yard is under the budget of the available quantity. Constraints (9) and (10) indicate that total number of cars departing from each yard is strictly bounded by the sort track usage variables.
Disaggregate inequalities (11) indicate the interior logical relationship between the block sequence variables and consolidation selection variables. Constraints (12) ensure the uniqueness of the consolidation strategy. If shipments destined to yard d are currently reclassified at yard p, then they must be merged into almost one block outward from p to d. Both (11) and (12) enforce the intree rule to be respected. Constraints (13) forbid any shipment to be consolidated into the blocks that are not provided. Constraints (14) 
MILP model
The MIQP model has a linear objective function and quadratic constraints (3). The MIQP model could be easily reconstructed by introducing another continuous variables s p,q i,j = x p,q i,j z p,q and auxiliary constraints (21)-(23).
where M in constraints (21) and (23) are big positive constants which could be set as
. Then, the TBSP problem is reformulated as a mixed integer linear programming (MILP) as follows. p,q , ∀o, d, p, q ∈ V ), whereas most constraints arise from (14) to keep the legality of all shipment-block sequences.
Model reduction
As stated in the previous subsection, the scale of the MILP model increases rapidly as the problem size grows. We propose some model reduction technologies in this subsection. In Table 3 , we set the
p,q , ∀o, d, p, q ∈ V ) using completed enumeration. We remark that such a manner is simple but not wise if the path detour ratio of shipments is enforced. We demonstrate the explanations as follows.
• For each shipment, only a limited number of paths without too much detour could be allowed to be candidates. Due to that, not all links in the physical network G 1 could be passed over by each shipment. We denote E o,d as the set of links in G 1 that could be used by the shipment from o to d.
• For each shipment, because of the restriction of path selection, not all blocks in the service network G 2 could be adopted by each shipment. We denote B o,d as the set of candidate blocks in G 2 that could be available to the shipment from o to d. 
Sequential algorithm
In this section, we decompose the TBSP problem into the shipment path subproblem and train blocking subproblem which are solved sequentially. The former seeks the path for each shipment to achieve the minimal total car kilometers. The latter identifies optimal train services and shipment-block sequences given the shipment paths, with the aim to minimize the total sum of train accumulation delay and car reclassification delay. The framework of the sequential algorithm is shown in Figure 3 . 
Shipment path subproblem
The shipment path subproblem answers how to route all shipments over the physical network G 1 from their origin to their destination. Here, only the arc selection variables defined in Table 3 are needed. The shipment path problem is modelled as a binary linear programming as follows.
(2), (4), (15).
The objective function (26) is to minimize the total car kilometers of shipping all demands over the physical network. Inequalities (27) ensure the usage of each link does not exceed its capacity which is measured by the total number of cars. Flow conservation equations (2) and detour inequations (4) are also presented for each shipment. Formula (15) specifies the domain of decision variables. The
Path model probably has |V | 2 |E| variables and |V | 3 + |V | 2 + |E| constraints. We denote R o,d as the path of shipment from o to d computed by the shipment path subproblem.
Train blocking subproblem
The train blocking subproblem answers how to flow shipments on the service network G 2 along the paths from their origin to their destination given by the shipment path subproblem. It needs to makes the following decisions: which blocks are built, which shipments are grouped to which blocks. Train frequencies would be certainly determined by the total intensity of each block and the train size after solving the train blocking subproblem. Together with the consolidation selection and sort track usage decisions, there are four classes of variables in total whose notation are the same with those in Table   3 . The train blocking subproblem is modelled as a mixed integer linear programming as follows.
The objective function (28) is to minimize the total sum of train accumulation delay and car reclassification delay. In constraint (29), the indicator function
otherwise. There are two preconditions when shipment o → d is consolidated into block p → q. One is that block B p,q has been provided, and another is the shorter path R p,q is completely contained in the longer path R o,d . These two preconditions correspond to constraints (13) and (14) in the integrated model, respectively. Besides, constraints (6)- (12) are provided again which have been explained in subsection 2.3. Formulas (16) and (18)- (20) 
Comparison between integrated model and sequential models
In this subsection, we make a comparison between the integrated model and the two subproblem models in the sequential algorithm in terms of objectives, variables and constraints.
• The objective function (1) of the integrated model is the weighted sum of the one in the Path model and Block model, i.e. weighted sum of (26) and (28).
• Train frequency variables are only presented in constraints (3) and (5) in the integrated model.
Under the sequential framework, another version of link capacity (27) is provided in the Path model. Meanwhile, train frequencies are not independent decisions any more in the Block model.
• Constraints (13) and (14) are comparable with (29) to describe the logic relationship among block sequences, train services, and shipment paths.
• There are no longer quadric terms in either sequential models so that auxiliary variables (24) and constraints (21)- (23) in the integrated model are not required in the sequential algorithm.
Thus, compared with the integrated model, the sequential methodology has not only a far less model size but also a simpler model structure, which allows us to solve large-scale instances efficiently.
Computational results
We now report the computational results of our proposed approaches to the three given data sets.
The model and algorithm are coded in MATLAB 2016a. ILOG CPLEX 12.6 is used as the underlying optimization solver. And, we adopt the default parameter setting except the maximum runtime for the CPLEX. The MILP model and reduced MILP model are conducted on a GPU workstation with
Inter Xeon E5 processor and 128 GB of RAM. The sequential algorithm is implemented on a Thinkpad T480 laptop with Intel Quad Core i7 processor and 8 GB of RAM.
To implement the reduced model, we need to generate all feasible paths subject to the detour constraints (4). We apply the Yen's algorithm to produce all feasible paths under the given detour ratio for each shipment. The number of feasible paths in the three data sets are displayed in Figure 4 .
The scale of the MILP model, reduced MILP model and sequential algorithm are presented in Table   4 . As observed in this table, 
Conclusions
We address the integrated train blocking and shipment path optimization for tonnage-based operating railways. We firstly develop a mixed integer linear programming model that incorporates the intree rule in an integrated manner. Some model reduction technologies are discussed to cut down the model scale effectively. We further develop a sequential algorithm that decomposes the original problem into the shipment path subproblem and the train blocking subproblem which are solved sequentially. In the first stage, the shipment path subproblem finds out the least transportation cost for the shipment paths while coordinating all lines' passing capacity. In the second stage, the train blocking subproblem determines the train services, train frequencies and shipment-block sequences, with respect to the limited classification capacity and sort tracks in each yard as well as the intree rule. Computational results of the three data sets show that, the reduced MILP could provide strong lower bounds for the large-scale instances, and the sequential algorithm can derive competitive feasible solutions (∼ 1% gap) within reasonable computation time (< 1 h).
Appendices

A Effect of detour constraints
In this appendix, we compare the solution quality of the TBSP problem under the two scenarios with and without the detour constraints (4). The three data sets under such two scenarios are both solved by the sequential algorithm on a laptop, and 30 minutes are allowed for the Path model and Block model. Table  6 summarizes the comparison results. As indicated in this table, the detour constraints do not impact the solution quality of DataSet_1. For DataSet_2 and DataSet_3, compared with the scenario with (4), the relaxation one has a little increase of the car mile and car reclassification delay but a larger decrease in the train accumulation delay. This results in lower total costs for DataSet_2 and DataSet_3. Overall, we conclude that the specified detour ratio has no notable impact on the solution quality of the three given data sets. 
